Abstract. Gerstenhaber and Schack ([GS]) developed a deformation theory of presheaves of algebras on small categories. We translate their cohomological description to sheaf cohomology. More precisely, we describe the deformation space of (admissible) quasicoherent sheaves of algebras on a quasiprojective scheme X in terms of sheaf cohomology on X and X × X. These results are applied to the study of deformations of the sheaf D X of differential operators on X. In particular, in case X is a flag variety we show that any deformation of D X , which is induced by a deformation of O X , must be trivial. This result is used in [LR3], where we study the localization construction for quantum groups.
Introduction
Let X be a topological space, k be a field, and A X be a sheaf of k-algebras on X. We would like to study infinitesimal deformations of A X . Such deformatioms form a k-vector space which we denote by def(A X ). In case X = pt it is well known that the infinitesimal deformations of (the k-algebra) A = A X are controlled by the Hochschild cohomology of A. More precisely, def(A) = HH 2 (A) = Ext 2 A⊗A o (A, A). However, for a general X and A X the situation is more subtle. More generally, given an A X -bimodule M X we may ask for cohomological interpretation of exal(A X , M X ) -the space of algebra extensions of A X by M X (exal(A X , A X ) = def(A X )).
Gerstenhaber and Schack ( [GS] ) developed a deformation theory of presheaves of algebras. Given a small category U and a presheaf of algebras A U on U (i.e. a contravariant functor from U to the category of k-algebras) they consider the space def(A U ) of infinitesimal deformations of A U and give it a cohomological interpretation. Namely, given an A U -bimodule M U they define a natural exact sequence of complexes of k-vector spaces
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The middle term is the total complex of the simplicial bar resolution of M U and
-the Hochschild cohomology of A U with coefficients in M U . The cohomology H i (T • (M U )) is the cohomology H i (U, M U ) of the nerve of U (or the classifying space of U) with coefficients in M U . Finally,
. As a consequence they obtain a long exact sequence of k-spaces
Returning to our problem of trying to interpret cohomologically the space exal(A X , M X ) we may proceed as follows. Let U be the category of (all or some) open subsets of X. From the sheaf of algebras A X and its bimodule M X we obtain the corresponding presheaves A U and M U . At this point there are two natural questions. The answers to these questions in general are probably negative.
In this paper we obtain positive answers to the above questions in case X is a quasiprojective scheme over k and A X and M X are quasicoherent sheaves on X, which satisfy some additional conditions (the pair (A X , M X ) must be admissible in the sense of Definition 4.7 below). In this case there is a natural quasicoherent sheaf of algebras A e Y on the product scheme Y = X × X (this is the analogue of the ring A ⊗ A o for a single algebra A). Moreover, the A X -bimodule M X gives rise to a A 
In particular, we obtain the long exact sequence
which allows us to analyze the space exal(A X , M X ). One of the implications is that exal(A X , M X ) behaves well with respect to base field extensions. It is easy to describe the morphisms
explicitly. Note that if X is affine then H i (X, M X ) = 0 for i > 0 and hence exal(A X , M X ) = Ext In the special case when A X = O X and M X is a symmetric O Xbimodule the isomorphism
was proved by R. Swan in [S] .
We apply the above results to analyze def(A X ) in case X is a smooth quasiprojective variety over C and A X = D X -the sheaf of differential operators on X. In this case
In the last section we study induced deformations of D X , i.e. those which come from deformations of the structure sheaf O X . In particular if X is a flag variety we show that every induced deformation of D X is trivial. This result is used in the work [LR3] , where we study quantum differential operators on quantum flag varieties.
It is my pleasure to thank Paul Bressler for his references to the literature on the deformation theory and Michael Larsen for helpful discussions of the subject.
Preliminaries on extension of algebras and Hochschild cohomology
1. Extensions of algebras. Fix a field k. An algebra means an associative unital k-algebra. Fix an algebra A; A o is the opposite algebra and A e := A ⊗ k A o . An A-module means a left A-module; an Abimodule means an A e -module. Fix an algebra A and an A-bimodule M. Consider an exact sequence of k-modules 0 → M → B ǫ → A → 0 with the following properties
• B is an algebra and ǫ is a homomorphism of algebras. (Hence M is a 2-sided ideal in B.) • The B-bimodule structure on M factors through the homomorphism ǫ and the resulting A-bimodule structure on M coincides with the given one. (In particular, the square of the ideal M is zero.)
Definition 2.1. An exact sequence as above is called an algebra extension of A by M. An isomorphism between extensions
is an isomorphism of algebras α : B → B ′ which makes the following diagram commutative
An extension is split if there exists an algebra homomorphism s :
The collection of isomorphism classes of algebra extensions of A by M is naturally a k-vector space which is denoted exal(A, M). The zero element is the class of the split extension.
Given a map of A-bimodules M → M ′ the usual pushout construction for extensions defines a map
Given a homomorphism of algebras A ′ → A the pullback construction for extensions defines a map
Thus exal(·, ·) is a bifunctor covariant in the second variable and contravariant in the first one. In case M = A the space exal(A, A) can be considered as deformations of the first order of the algebra A. Let us describe this space in a different way. Put k 1 := k[t]/(t 2 ). Consider k 1 -algebras B with a given isomorphism θ : grB → A ⊗ k k 1 . (The algebra B has the filtration {0} ⊂ tB ⊂ B and grB denotes the associated graded.) The isomorphism classes of such pairs (B, θ) form a pointed set which we denote by def(A). The distinguished element in def(A) is represented by the algebra B = A ⊗ k k 1 .
We claim that exal(A, A) = def(A) (hence def(A) is a k-vector space). Indeed, given (B, θ) as above we obtain an exact sequence
which gives a well defined map from def(A) → exal(A, A). Conversely, given an algebra extension
This makes B a k 1 -algebra and defines the inverse map exal(A, A) → def(A).
The above description of exal(A, A) allows us to define the set def n (A) of n-th order deformations of A as the collection of isomorphism classes of k n := k[t]/(t n+1 )-algebras B with an isomorphism of k n -algebras grB → A ⊗ k k n . Thus def 1 (A) = def(A) = exal(A, A). The algebra B = A ⊗ k k n represents the trivial deformation. Note that B is trivial if there exists a k-algebra homomorphism s : A → B, which is the left inverse to the residue homomorphism B → A. Indeed, then s ⊗ 1 : A ⊗ k k n → B is an isomorphism of k n -algebras.
Note that the quotient homomorphism B → B/t n B defines the map def
Lemma 2.2. There exists a natural identification def n 0 (A) = def(A). In particular, def n 0 (A) has a natural structure of a k-vector space. Proof. Let B ∈ def n (A) be such that B/t n B = A ⊗ k k n−1 . Consider the obvious k-algebra homomorphism A → A ⊗ k k n−1 and the induced pullback diagram
Then B ′ represents an element in def(A). We get a map def
Then B is a k n -algebra as follows:
This proves the lemma.
Corollary 2.3. Assume that def(A) = 0. Then def n (A) = 0 for all n.
Proof. Induction on n using the previous lemma.
2. Hochschild cohomology. The space exal(A, M) has a well known cohomological description. Namely, there is a natural isomorphism
A e (A, M). Let us recall how this isomorphism is defined. Consider the bar resolution ...
Note that B i 's are naturally A e -modules and the differentials ∂ i are A elinear. Hence B • → A is a free resolution of the A e -module A. Thus for any A e -module M
Different k-splittings define cohomologous cocycles, hence we obtain a map exal(A, M) → Ext 
Denote by Der(A, M) (resp. Inder(A, M)) the space of derivations (resp. inner derivations). Then 
. Then an automorphism of this extension is an algebra automorphism α ∈ Aut(B) of the form
where d : A → M is a derivation. In other words the automorphism group of the trivial extension is the group Der(A, M).
3. Deformation of sheaves of algebras. Let X be a topological space and A be a sheaf of k-algebras on X. Let A o denote the sheaf of opposite k-algebras and A e = A ⊗ k A o . Given an A e -module M we may repeat the above definition for algebras and modules to define the space of algebra extensions exal(A, M). In particular, an algebra extension of A by M is represented by an exact sequence of sheaves of k-vector spaces
such that B is a sheaf of k-algebras and ǫ is a homomorphism of sheaves of algebras satisfying the properties of the Definition 2.1 above. A split extension is the one admitting a homomorphism of sheaves of algebras s : A → B such that ǫ · s = id. In particular, a split extension must be split as an extension of sheaves of k-vector spaces.
In case M = A we may again define the set def n (A) of n-th order deformations of A, so that def
n (A) be the subset consisting of n-th order deformations which are trivial up to order n−1. Then repeating the proof of Lemma 2.2 we get def n 0 (A) = def(A). In particular, def n 0 (A) is naturally a kvector space and def(A) = 0 implies def n (A) = 0 for all n.
Review of Gerstenhaber-Schack construction
In the paper [GS] the authors develop a deformation theory of presheaves of algebras on small categories. We will review their construction in a special case which is relevant to us. Namely let X be a topological space and U be the category of all (or some) open subsets of X. Let A = A U be a presheaf of algebras on U, i.e. A is a contravariant functor from U to the category of algebras. We denote by k U the constant presheaf of algebras: k U (U) = k for all U ∈ U. Let A − mod be the abelian category (of presheaves) of left A-modules. The presheaf of algebras A e = A⊗A o is defined in the obvious way:
e −mod). The group exal(A, M) is defined exactly as above in the case of a single algebra and its bimodule. We are going to give a natural description of the group exal(A, M) in terms of homological algebra in the category of presheaves on U. In patricular, we will construct a canonical map
First recall some constructions from [GS] .
1. Categorical simplicial resolution. Let C = C U be a presheaf of algebras on U. Given U ∈ U denote its inclusion i U : {U} ֒→ U. The obvious (exact) restriction functor
Thus if K is a projective C(U)-module, then i U ! K is a projective object in C − mod. In particular, the category C − mod has enough projectives (it also has enough injectives (see [GS] )). If the category U has a final object U, then
with the canonical map
Clearly S is an endo-functor S : C −mod −→ C −mod with a morphism of functors ǫ : S → Id.
Define a diagram of functors
where
. This diagram is a complex, i.e. ∂ i ∂ i−1 = 0, which is exact. So for N ∈ C − mod we obtain a resolution
Explicitly we have
If N is locally projective (i.e. N (U) is a projective C(U) − module for all U ∈ U), then the complex s • (N ) consists of projective objects in C − mod. So in this case for M ∈ C − mod we have
2. Simplicial bar resolution. Consider the bar resolution of the presheaf of algebras A:
where B i = A ⊗i+2 (this is a direct analogue of the usual bar resolution for algebras described above). The presheaves B i are locally free A emodules, but usually not projective objects in A e −mod. So the simpli-
Consider the double complex
where the left lower corner has bidegree (0, 0). The vertical arrows are the Hochshild differentials while the horizontal ones come from the simplicial resolution.
be the sub-double complex which is the complement of the bottom row. Put
Hence we obtain the long exact sequence
In case M is a symmetric A-bimodule, i.e. am = ma for all a ∈ A, m ∈ M, the above sequence splits into short exact sequences ( [GS] ,21.3) 
We make B the presheaf of algebras by defining the restriction maps r
). In particular, we obtain the 5-term exact sequence
4. Admissible quasicoherent sheaves of algebras and bimodules.
Definition 4.1. Let Z be a scheme and A Z be a sheaf of unital kalgebras on Z. We say that A Z is a quasicoherent sheaf of algebras if there is given a homomorphism of sheaves of unital k-algebras on Y and hence also their tensor product p
Assume that A X is quasicoherent. Then we can take the quasicoherent inverse images p *
This is a quasicoherent sheaf on Y with a natural morphism of quasicoherent sheaves β : O Y → A e Y , which sends 1 to 1 ⊗ 1. We also have the obvious morphism of sheaves of k-vector spaces
Definition 4.2. We say that the quasicoherent sheaf of algebras A X satisfies condition (*) if A e Y has a structure of a sheaf of algebras so that β and γ are morphisms of sheaves of algebras.
Note that if A X satisfies condition (*) then, in particular, A e Y is a quasicoherent sheaf of algebras on Y . It seems that the algebra structure on A e Y as required in the condition (*), if it exists, should be unique. In any case, there is a canonical such structure in all examples that we have in mind.
Examples. 1. The condition (*) holds if the sheaf of algebras A X is commutative. More generally, if the image of O X lies in the center of A X .
2. Assume that char(k) = 0 and X is smooth. Then (*) holds for the sheaf A X = D X of differential operators on X. In this case
Definition 4.3. We say that M X satisfies the condition (⋆) if for an open affine U ⊂ X and f ∈ O(U) we have
Remark 4.4. The sheaves of algebras A X in Examples 1,2 above satisfy the condition (⋆) when considered as A X -bimodules.
Lemma 4.5. Let A X be a quasicoherent sheaf of algebras which satisfies the condition (*), and let M X be an A X -bimodule which satisfies the condition (⋆). Then M X defines a (unique up to an isomorphism) Theorem 4.6. Let Z = SpecC be an affine scheme, A Z -a quasicoherent sheaf of algebras on Z. Put A = Γ(X, A X ). Then the functor of global sections Γ is an equivalence of categories
Its inverse is ∆ defined by
Both Γ and ∆ are exact functors.
Proof. The point is that for an A-module M the quasicoherent sheaf ∆(M) is indeed an A Z -module. The rest follows easily from the classical Serre's theorem about the equivalence
Definition 4.7. We call a quasicoherent sheaf of algebras A X admissible if it satisfies conditions (*) and (⋆) (as a bimodule over itself). We call an A X -bimodule M X admissible in it satisfies condition (⋆). We say that (A X , M X ) is an admissible pair if both A X and M X are admissible.
Remark 4.8. The sheaf of algebras A X as in Examples 1,2 above is admissible.
Let us summarize our discussion in the following corollary. 
Proof. This follows immediately from Definition 4.2 and Lemma 4.5.
We will be able to give a cohomological interpretation of the group exal(A X , M X ) for an admissible pair (A X , M X ).
Cohomological description of the group exal(
for an admissible pair (A X , M X ).
Let X be a quasiprojective scheme over k and (A X , M X ) be an admissible pair. We will consider the group exal(A X , M X ) of algebra extensions of A X by M X . Note that if an exact sequence 0 → M X → B X → A X → 0 is such an extension, then we do not require the sheaf B X to be quasicoherent, or even an O X -module.
Denote by U = Af f (X) be the category of all affine open subsets of X. Given a sheaf F X on X we denote by j * X F X the presheaf on U, which is obtained by restriction of F X to affine open subsets. We will usually denote j * X F X = F U if it causes no confusion. In particular, we obtain presheaves of algebras
which is an isomorphism. In particular, def(A X ) = def(A U ).
Proof. Given an exact sequence of sheaves on X 0 → M X → B X → A X → 0, which represents an element in exal(A X , M X ) we obtain the corresponding sequence
of presheaves on U. This last sequence is exact because M X is quasicoherent. Hence it represents an element in exal(A U , M U ). So we obtain a map
represent an element in exal(A U , M U ). Denote by + the (exact) functor which associates to a presheaf on U the corresponding sheaf on X. Then (A U ) + = A X , (M U ) + = M X and hence we obtain an exact sequence 
Theorem 5.2. The functor
is an isomorphism for all n.
Proposition 5.3. The map
Let us first formulate some immediate corollaries of the theorem and the proposition.
Corollary 5.4. There exists a natural exact sequence
In particular, if X is affine then exal(
If M X is a symmetric A X -bimodule, then we get a short exact sequence
Proof. Indeed, this follows from Lemma 5.1, Theorem 5.2, Proposition 5.3 and results of Section 3.
Recall the following theorem of J. Bernstein.
Theorem 5.5. ( [Bo] ) Let Z be a quasicompact separated scheme, C Z -a quasicoherent sheaf of algebras on Z. Then the natural functor
Corollary 5.6. Assume that X is affine. Then
Finally, by Corollary 5.4 above
Question. Under the assumptions of the last corollary let B be a sheaf of algebras on X representing an element in exal(A X , M X ). Is B = A X ⊕ M X as a sheaf of k-vector spaces?
6. Proof of Theorem 5.2 and Proposition 5.3.
Proof of Proposition 5.3. Let k U be the constant presheaf on U and s • (k U ) → k U be its categorical simplicial resolution (Section 3). It is a projective resolution of k U , which consists of direct sums of presheaves i U ! k. Hence
Consider the exact functor (·) + from the category of presheaves on U to the category on sheaves on X. Then k + U = k X -the constant sheaf on X. The functor (·) + preserves direct sums and (i U ! k) + = k U -the extension by zero of the constant sheaf on U. Since M X is quasicoherent, for an affine open U ⊂ X we have H i (U, M X ) = 0 for all i > 0. Thus
It remains to notice that
This completes the proof of the proposition.
Proof of Theorem 4.2.
Let us formulate a general statement which will imply the theorem. Let Z be a quasicompact separated scheme over k. Let Af f (Z) be the category of affine open subsets of Z and W ⊂ Af f (Z) be a full subcategory which is closed under intersections and constitutes a covering of Z. Let A Z be a quasicoherent sheaf of algebras on Z. Denote by A W the corresponding presheaf of algebras on W. Let j * Z : A Z − mod −→ A W − mod be the natural (left exact) restriction functor.
Proposition 6.1. In the above notation the derived functor
is fully faithful.
Proof. By Bernstein's theorem the natural functor
is fully faithful. So it suffices to prove that the composition Rj * Z · θ is fully faithful. The functor j * Z : µ(A Z ) → A W − mod is exact. Let M, N ∈ µ(A Z ). It suffices to prove that the map
Step 1. Assume that Z is affine and Z ∈ W. Then by Serre's theorem µ(A Z ) ≃ A Z (Z) − mod. Replacing M by a left free resolution we may assume that M = A Z . But then
On the other hand j * Z A Z = A W is a projective object in A W − mod (Section 3) and
So we are done.
Step 2. Reduction to the case when Z is affine.
Let i U : U ֒→ Z be an embedding of some U ∈ W. Denote by A U the restriction A Z | U . We have two (exact) adjoint functors i *
Choose a finite covering Z = U j , U j ∈ W. Then the natural map
is a monomorphism. So we may assume that N = i U * N U for some U ∈ W and N U ∈ µ(A U ). Then we have
We need a similar construction on the other end. Letĩ U : W U ֒→ W be the embedding of the full subcategory W U = {V ∈ W|V ⊆ U}. Let A W U be the restriction of A W to W U . We have the obvious functor i * U : A W − mod −→ A W U − mod and its right adjointĩ U * defined bỹ i U * (K)(V ) := K(V ∩ U).
Bothĩ
Note that the following diagrams commute
U is the obvious restriction functor). Hence the following diagram commutes as well
U is an isomorphism by Step 1 above. Hence j * Z is also an isomorphism.
A spectral sequence
Let X be a quasiprojective variety and (A X , M X ) be an admissible pair. For N 1 , N 2 ∈ µ(A e Y ) we will construct a spectral sequence which abuts to Ext -modules. From the proof of the last lemma it follows that there exists an affine covering V of Y such that for each V ∈ V and each P −t the restriction P −t | V is a free A e V -module. We may (and will) assume that each V ∈ V is of the form U × U for U from an affine open covering U of X. Choose one such affine covering V. LetČ • (P • ) → P • be the correspondingČech resolution of P • . This is a double complex The natural filtration of the double complexČ • (P • ) gives rise to the spectral sequence with the E 2 -term
In particular, in case N 1 =Ã 
Recall that for V = U × U ∈ V by Bernstein's and Serre's theorems respectively we have
1. Cohomological analysis of the group exal(A X , M X ). Consider the exact sequence
. Let us describe the morphisms ǫ and ρ explicitly.
Since M X is quasi-coherent the cohomology group
as follows: on each U ∈ U the sheaf B| U is a direct sum of sheaves M X | U and A X | U with the multiplication
That is, locally B is a split extension. Define the glueing algebra automorphisms
This defines the map ǫ :
and assume that α 1 (ρ(B)) = 0, i.e. locally B is a split extension. Thus for U ∈ U we have
with the multiplication
and with the glueing given by algebra automorphisms
, which is equal to α 2 (ρ(B)).
Assume now that α 2 (ρ(B)) = 0. Then there exist elements
Changing the local trivializations of B by the derivations δ i 's we may assume that δ ij 's are inner derivations. Choose m ij ∈ M X (U i ∩ U j ) so that δ ij (a) = [a, m ij ]. The collection {m ij } defines a 1-cochain iň C(U, M X ). Its coboundary is a 2-cocycle which consists of central elements
It is equal to α 3 (ρ(B)).
Examples
Let X be a smooth complex quasiprojective variety. Let δ : X ֒→ Y = X × X be the diagonal embedding, ∆ = δ(X) -the diagonal, and p 1 , p 2 : Y → X be the two projections.
1. Deformation of the structure sheaf.
Assume that X is projective. By the Hodge decomposition (
The above short exact sequence identifies def(O X ) with
The summand H 1 (X, T X ) corresponds to the first order deformations of the variety X by Kodaira-Spencer theory, i.e. to "commutative" deformations of O X , while the summand H 0 (X, ∧ 2 T X ) corresponds to "noncommutative" deformations.
2. Deformations of the sheaf of differential operators. Let A X = M X = D X -the sheaf of (algebraic) differential operators on X. Let ω X be the dualizing sheaf on X. Then
an denote the variety X with the classical topology.
Proposition 8.1. There is a natural isomorphism
Proof. By the above remarks
consisting of complexes with cohomologies supported on ∆. By Kashiwara's theorem the direct image functor
is an equivalence of categories (see [Bo] ). Thus, in particular,
On the other hand by (a special case of) the Riemann-Hilbert correspondence Ext
Corollary 8.2. Let X be a smooth complex quasi-projective variety. Then we have an exact sequence
If X is D-affine (for example X is affine) then
Proof. The first part follows immediately from Proposition 8.1 and Corollary 5.4. If X is D-affine, then H i (X, D X ) = 0 for i > 0. An affine variety is D-affine since D X is a quasicoherent sheaf of algebras. This implies the last assertion.
, where D X (X) is the Weyl algebra. It is well known that the Hochschild cohomology of the Weyl algebra is trivial.
Deformation of differential operators
1. Induced deformations of differential operators. Let S be a commutative ring and C be an S-algebra with a finite filtration
such that the associated graded grC is commutative. Then it makes sense to define the ring D S (C) = D(C) of (S-linear) differential operators on C in the usual way. More generally, given two left C-modules M, N define the space of differential operators of order ≤ m from M to N as follows. N) and in particular we obtain a filtered (by the order of differential operator) ring D(C) = D(C, C). Note that C ⊂ D(C) acting by left multiplication. Sometimes we will be more explicit and will write D(
is also a (left and right) C-submodule.
Lemma 9.1. Denote by S n the ring S[t]/(t n+1 ). Then canonically
In particular, for a commutative k-algebra A we have
Whence the assertion of the lemma.
For the rest of this section we will consider only k[t]-algebras, and all differential operators will be k[t]-linear, so we will omit the corresponding subscript. We denote as before k n = k[t]/(t n+1 ). Let A be a commutative k-algebra and B be a k n -algebra with an isomorphism grB ≃ A ⊗ k k n , i.e. B defines an element in def n (A). Consider the inclusion of rings D(B) ⊂ End kn (B). Both these rings are filtered the powers of t, hence we obtain a natural homomorphism (of degree 0 of graded algebras).
Note that α may not be injective. On the other hand we have a natural homomorphism of graded algebras δ : gr End kn (B) → End kn (grB), which is, in fact, an isomorphism.
We denote the composition of the two maps again by γ : grD(B) → End kn (grB). ii) B is a free A ⊗ k k n -module of rank 1.
Proof. i). Given a ∈ A, b ∈ B we need to show that β(s(a)b) = aβ(b). This follows from the identity τ s(a) = a and the commutativity of the diagram
where the vertical arrows are the action morphisms.
ii) The A-module map β : B → A has a splitting α : A → B, which induces an isomorphism α⊗1 : A⊗ k k n → B of left A⊗ k k n -modules.
Lemma 9.7. Assume that the k-algebra A is finitely generated. Consider B with the structure of a left A ⊗ k k n -module defined above. Then D( B B) = D( A⊗ k kn B) as subrings of End kn (B).
is a deformation of D(A) the graded ring grD(B) coincides with the subring D(grB) ⊂ End kn (grB). The isomorphism ofÃ-modulesÃB ≃Ã defines an isomorphism of rings
Hence, in patricular, grD(ÃB) is a graded submodule of End kn (grB) and as such coincides with D(grB). We conclude that the graded subrings of End kn (grB), grD(B) and grD(ÃB) coincide (= D(grB)).
So it suffices to prove the inclusion D( B B) ⊂ D(ÃB). We will prove by descending induction on p that
It follows from Lemma 7.6,i) that the A-and B-module structure on B coincide modulo t. More precisely, if b ∈ B and a = β(b) ∈ A, then
This implies that 
Thus there exists N such that every
, which completes the induction step and proves the lemma.
3. Sheafification. Lat Y be a scheme over k, B -a sheaf of k nalgebras on Y with an isomorphism of sheaves of k n -algebras grB ≃ O Y ⊗ k k n , i.e. B defines an element in def n (O Y ). Then using the commutator definition as in 9.1 above we define the sheaf D(B) of k n -linear differential operators on B. Thus, in particular, D(B) is a subsheaf of End kn (B). In this section all the differential operators will be k[t]-linear, so we omit the corresponding subscript.
As in the ring case we obtain a natural homomorphism of sheaves of graded k n -algebras (which, probably, is neither injective, nor surjective in general)γ : grD(B) → End kn (grB). The following two lemmas are the sheaf versions of Lemmas 9.1 and 9.2 which will be used later. The proofs are the same.
Lemma 9.9. The homomorphismγ maps grD(B) to D(grB). . For simplicity of notation we assume that n = 1 (the proof in the general case is the same).
It is well known that X has an open covering X = ∪ w∈W U w , where W is the Weyl group of G and U w ≃ C d , d = dim(X). Denote the covering U = {U w }. It follows from Example 8.3 that D(B) Uw is the trivial deformation of D Uw for each w ∈ W .
The variety X is D-affine ( [BB] ), thus def(D X ) ≃ H 2 (X an , C) (Corollary 8.2). But H 2 (X an , C) = H 1,1 (X an , C) = P ic(X) ⊗ Z C. Let us describe the isomorphism σ : P ic(X) ⊗ C → def(D X ) directly. Let L Note that though log(f ij ) is a multivalued analytic function, [·, log(f ij )] is a well defined derivation of the ring of differential operators and it preserves the algebraic operators. So δ ij is well defined. Using these derivations we define the glueing over U w 1 ∩ U w 2 of the sheaves D Uw i ⊗ C[t]/(t 2 ) and D Uw j ⊗ C[t]/(t 2 ). We denote the corresponding global sheaf σ(L). The map σ : P ic(X) → def(D X ) is a group homomorphism which extends to an isomorphism 
